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Minimum degree arrowing graphs
a b s t r a c t
In this paper the following Ramsey–Turán type problem is one of several addressed. For
which graphs G does there exist a constant 0 < c < 1 such that when H is a graph of order
the Ramsey number r(G) with δ(H) > c|H|, then any 2-edge coloring of H contains
a monochromatic copy of G? Specific results, conjectures, and questions with suggested
values for c are considered when G is an odd cycle, path, or tree of limited maximum
degree. Another variant is to 2-edge color a replacement for the graph Kr(G) by a balanced
multipartite graph of approximately the same order with the same consequence, a
monochromatic G.
© 2011 Elsevier B.V. All rights reserved.
1. Background
As usual the Ramsey number of the graph G is denoted by r(G), where r(G) is the smallest positive integer m such that
coloring each edge of the complete graph Km by one of two colors results in a monochromatic copy of G as a subgraph.
Within this article the complete graph is frequently replaced by some other graph H with the property that coloring each
edge of H by one of two colors results in a monochromatic copy of G. Whether this graph is H or Km this realization of a
monochromatic G is denoted by H → G and called the arrow operation with H called the arrowing graph or Ramsey graph
and G the arrowed graph.
Throughout, the colors used will be red (R) and blue (B)with the red graph denoted as R(H) and the blue graph as B(H),
or R and B when the graph H is understood. Also when 2-edge coloring H , this may be denoted as the disjoint union of
the edge sets of E(H), i.e. E(H) = E(R) ∪ E(B). Other notation used throughout is as follows: V (H) for the vertex set of H ,
|V (H)| = |H|, dR(x) (dB(x)) for the red (blue) degree of x ∈ V (H), δ(H) (∆(H)) for the minimum (maximum) degree in H .
Also Pn, Cn, Tn will denote a path of order n, a cycle of order n, and a tree of order n, respectively.
In 1978 the size Ramsey number was introduced by Erdős et al. [7], and symbolized for the graph G by re(G)where
re(G) = min{|E(H)| : H → G}.
Later a further restriction to subgraphs of the complete Ramsey graph was introduced [9], called the restricted size Ramsey
number, defined as
min{|E(H)| : H ⊂ Kr(G) and H → G}.
Since these two kinds of size Ramsey numbers are usually difficult to calculate or estimate, a further weakening will be the
central issue of this article. When the arrowed graph G is sparse (with a linear number of edges) one would expect that
many edges can be deleted from Kr(G) to form an arrowing graph with significantly fewer edges. We hope that this sort of
weakened form presented here will be a useful direction for researchers interested in generalized Ramsey theory.
This article will mostly focus on questions and conjectures for two such weakened variants. In Section 2 the Ramsey
graph Kr(G) is replaced by a balanced multipartite graph H of approximate order r(G)when G is one of a cycle, path, or tree
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of limited maximum degree. Mostly the multipartite graph will be a balanced tripartite graph and this arrowing graph H
may be of slightly larger order, e.g. for small ϵ, |H| = (1+ ϵ)r(G).
In Section 3 a more general approach will be considered which is of a Ramsey–Turán nature, but different from the one
introduced in [16]. Let G be one of a cycle, path or special tree of specified maximum degree and suppose H is a graph of
order r(G). The intent is to find the smallest positive constant 0 < c < 1, such that if δ(H) > c|H|, then H → G. More
important is the general question of for which graphs G there exists 0 < c < 1 such that if δ(H) > c|H|, |H| = r(G), then
H → G. Included are some partial results as well as conjectures and questions. Specific values of c are suggested with some
justification.
The primary purpose of this article is to present open questions and conjectures of the types mentioned above and to
expose the reader to a whole new collection of Ramsey problems of considerable depth. There are a total of 15 questions
plus conjectures. The label of question or conjecture, for the most part, could be assigned either way. The label of conjecture
was assigned to cases felt to have the best chance of being completely correct.
2. Multipartite arrowing graphs
As mentioned in the previous section, the restricted size Ramsey number was introduced in an attempt to minimize the
number of edges in a Ramsey graph (of order the Ramsey number) which arrows the graph under consideration. Another
more restrictive approach was initiated in a paper by Gyárfás, Ruszinkó, G. Sárközy, and Szemerédi in 2007 where the
arrowing graph was assumed to be a balanced tripartite graph of about the same order as the Ramsey graph for a path.
Theorem 1 ([11]). For every ϵ > 0 and n sufficiently large, if 3t0 = (1+ ϵ)r(Pn) and t = ⌈t0⌉, then Kt,t,t → Pn.
Observe that a tripartite graph is needed and a bipartite graph would fail to work. Recall that r(Pn) ≈ 3n/2; so letting
KA,B, |A| = |B| = 3n/4 and splitting A = A1 ∪ A2, B = B1 ∪ B2 with |A1| = |A2| = |B1| = |B2| = 3n/8, the KA,B has
a red-blue edge coloring with no monochromatic Pn. Simply color the edges between A1, B1 and A2, B2 red and the edges
between A1, B2 and A2, B1 blue.
Another similar but more precise result has been obtained for odd cycles. It is well known that for n odd, n ≥ 5, r(Cn) =
2n− 1 (see [8,14]). Thus a natural question arises: what is the largest value of t such that K2n−1−t + K¯t → Cn, n odd, n ≥ 5?
Clearly t ≤ (n − 1)/2, since coloring the edges of the subgraph Kn−1 ∪ (K(n−1)/2 + K¯(n+1)/2) of K2n−1−(n+1)/2 + K¯(n+1)/2
red and the remaining edges blue gives no monochromatic Cn. Also in [13] it has been shown for any odd n ≥ 5 that
K2n−1−(n−1)/1 + K¯(n−1)/2 → Cn, so t = (n− 1)/2 is best possible.
A much stronger conjecture was given in [10] and has been subsequently proved for large n by Benevides.
Conjecture 2 ([10]). For n odd, n ≥ 5 K(n−1)/2,(n−1)/2,(n−1)/2,(n−1)/2, 1 → Cn.
Theorem 3 ([2]). For n sufficiently large, n odd,
K(n−1)/2,(n−1)/2,(n−1)/2,(n−1)/2,1 → Cn.
Observe that this precise result strengthens considerably the known fact that K2n−1 → Cn and is the best possible
multipartite arrowing subgraph of K2n−1 with fewest edges.
The conjecture remains open for small values of n, but is easily established for n = 5 using the following extremal
result: the extremal number for a nonbipartite graph on nine vertices with no C5 is 15. This is given by the graph formed by
identifying a single vertex of an otherwise vertex disjoint triangle with a vertex of K4,3. Thus 2-edge color the nine-vertex
graph K2,2,2,2,1. One of the colored graphs must be nonbipartite, so since K2,2,2,2,1 has 32 edges, the other colored subgraph
must be bipartite with at least 17 edges and largest part of order 5 or 6. But this largest part contains a C5 in the nonbipartite
color.
Since the Erdős–Sós tree conjecture [1] holds, it follows that r(Tn) ≤ 2n− 2 for all trees of order n. It is natural to make
the following conjecture.
Conjecture 4. Let ϵ > 0 and let n be of sufficiently large order. Furthermore set 3t0 = (2+ ϵ)n and t = ⌈t0⌉. Then Tn a tree of
order n with∆(Tn) ≤ t implies Kt,t,t → Tn.
After this conjecture was made in a lecture given in Budapest in 2008, the following result was established by Böttner,
Hladký, and Piguet in 2009.
Theorem 5 ([3]). For every ϵ > 0 there exists a t0 ∈ N and an α > 0 such that for t ≥ t0, if Tn is a tree of order at most
(1− ϵ)(3t/2) with∆(T ) ≤ tα , then Kt,t,t → Tn.
In particular this result establishes the conjecture for trees of bounded degree, but limits significantly the maximum
degree of the conjecture.
At this point several additional questions are natural. In 1982 in [6] itwas shown that the tree Bk,l, called a broom, obtained
by identifying the end vertex of a path on l vertices with the central vertex of a star on k edges, has the smallest possible
Ramsey number for any tree on n vertices when l = 2k = 2n/3. In particular it was shown that r(Bn/3,2n/3) = ⌈4n/3− 1⌉.
Thus a tractable conjecture is the following one, since the broom is a long path with a star of order less than 4n/9.
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Conjecture 6. Let ϵ > 0 and n be sufficiently large. Set 3t0 = (1+ ϵ)r(Bn/3,2n/3) and t = ⌈t0⌉. Then Kt,t,t → Bn/3,2n/3.
Other reasonable questions in light of Conjecture 4 are given below.
Question 7. Let ϵ > 0 and n be sufficiently large. Further let Tn be a tree of order n,∆(Tn) ≤ t where 3t0 = (1+ ϵ)r(Tn) and
t = ⌈t0⌉. Does Kt,t,t → Tn?
Question 8. Let ϵ > 0 and let G be a bipartite graph of large order n with |E(G)| ≤ αn(0 < α ≪ ϵ) and ∆(G) ≤ t where
3t0 = (1+ ϵ)r(G) and t = ⌈t0⌉. Does Kt,t,t → G?
Question 9. Let ϵ > 0 and let G be a triangle free graph of large order nwith chromatic number atmost 3, |E(G)| ≤ (1+α)n(0 <
α ≪ ϵ),∆(G) ≤ 2t, with 5t0 = (1+ ϵ)r(G) and t = ⌈t0⌉. Does Kt,t,t,t,t → G?
Note that Question 8 explores the possibility for the arrowed graph to be a nontree sparse bipartite graph, while
Question 9 allows for the arrowed graph to have chromatic number 3.
3. Arrowing graphs with a minimum degree condition
In this section a new class of Ramsey–Turán extremal problems are considered which do not fit in the traditional
framework given in [16]. In light of the results given in Section 2 one would hope to replace the multipartite arrowing
graph by a more general graph. This and Theorem 3 are the basis for the following conjecture given in [12].
Conjecture 10 ([12]). Let n ≥ 4 and let H be a graph of order n with δ(H) > 3n/4. If E(H) = E(R)∪ E(B) is a 2-edge coloring,
then Ck ⊂ R or Ck ⊂ B for all k ∈ [4, ⌈n/2⌉]
If true, this conjecture is best possible as shown by the following example: let n = 4p, color the edges of the complete
bipartite graph K2p,2p blue and insert a red Kp,p in each of its vertex classes. The resulting 2-edge colored graph has δ = 3n/4
with no monochromatic odd cycle in either color. Also the graph K(n−1)/2,(n−1)/2,(n−1)/2,(n−1)/2,1 with n odd can be 2-edge
colored with no monochromatic Ct (t odd), t > n, so one cannot expect to increase the interval nontrivially above n/2
as given in Conjecture 10. Furthermore a blown-up K5 has minimum degree 4n/5 and can be 2-edge colored with no
monochromatic C3. Therefore the interval given in the conjecture is best possible under the minimum degree condition.
In [12] a weakened version of the conjecture is proved.
Theorem 11 ([12]). Let ϵ > 0, and let H be a graph of sufficiently large order n, with δ(H) > 3n/4. If E(H) = E(R) ∪ E(B) is
a 2-edge coloring, then Ck ⊂ R or Ck ⊂ B for all k ∈ [4, ⌊(1/8− ϵ)n⌋].
It would be nice to significantly improve this result and prove Conjecture 10.
What minimum degree conditions are needed on arrowing graphs for sparse graphs other than odd cycles? A place to
begin is with a minimum degree condition replacing the arrowing graph in the general tree condition given in Conjecture 4
and the one for paths in Theorem 1. Note that in these two cases the arrowing graph has minimum degree 2/3 of its order,
which one sees is too small for paths. The following example shows this. If H is a graph with δ(H) > c|H| then one needs
c ≥ 3/4. Take two blue copies of K|H|/2 with vertex sets A1 ∪ A2 and B1 ∪ B2, respectively, with |A1| = |A2| = |B1| =
|B2| = |H|/4. In addition color edges between A1 and B1 and between A2 and B2 red. Then δ(H) = 3|H|/4 − 1. (Here it is
assumed that |H| is a multiple of 4.) The largest monochromatic components are of order |H|/2. Thus the following question
is interesting.
Question 12. Let H be a graph of order (2 + ϵ)n (n large) of minimum degree δ(H) > 3|H|/4. If Tn is a tree of order n and
bounded degree, does H → Tn?
Possibly the question could be strengthened by allowing Tn to be of maximum degree 3|H|/8, which would be best
possible.
Next, the following example is useful in noting that for minimum degree c|H|, 0 < c < 1, the longest monochromatic
path in a 2-edge colored H is (in general) at most 2|H|/3. This is consistent with r(Pn) = ⌊3n/2⌋ − 1.
Example 13. Let k be a fixed positive integer and set t = 3k. Let H be a t-partite multipartite graph with each part of order
n/t . Split the t parts into two sets, one of order k and the other of order t−k. Now edge colorH as follows: all edges in the set
of t−k parts are colored red and all remaining edges are colored blue. This graph hasminimumdegree δ(H) = ((t−1)/t)|H|
with red component of order (t − k)(n/t) = (1− (k/t))n = 2n/3. Further the blue component has a path of length at most
2(kn/t) = 2n/3. Therefore for c < 1 and arbitrarily close to 1 there is a graph H with δ(H) > cn and a 2-edge coloring with
no monochromatic path longer than 2n/3.
At this point one still might expect that a graph H , |H| = r(Pn)with δ(H) > 3|H|/4, arrows Pn.
Conjecture 14. Let t = r(Pn) with n large. If H is a graph of order t and δ(H) > 3t/4, then H → Pn.
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In light of this last conjecture a more general question is appropriate.
Question 15. For which trees Tn of order n does the following hold? Let t = r(Tn) and let H be a graph of order t with
δ(H) > 3|H|/4. When does H → Tn?
Since Conjecture 14 has not been answered affirmatively, can one simply show that there exists a 0 < c < 1 with
δ(H) > c|H| such that H → Pn? This has been done and is the content of the next result.
Theorem 16 ([15]). Let H be a graph of order t = r(Pn). There exists a constant 0 < c0 < 1with δ(H) ≥ c0t such that H → Pn
for sufficiently large n.
No particular choice of c0 was used in the proof, since this makes the argument easier and establishing the existence of
such a constant was the objective.
Theorem 16 probably suggests the most interesting questions and conjectures. Before stating these, recall that a graph
is said to be p-arrangeable if there is an ordering of the vertices v1, v2, . . . , vn such that for each i, 1 ≤ i ≤ n, the neighbors
to the left of the collection of neighbors to the right of vi is at most p.
Theorem 17 ([5]). If G is a p-arrangeable graph, then there exists a constant d = d(p) such that r(G) ≤ d|G|.
Question 18. Let G be a p-arrangeable graph of large order. When does there exist a 0 < c < 1, c = c(p), such that if H is a
graph |H| = r(G), δ(H) > c|H|, then H → G?
There does not exist a constant c as described in Question 18 for each p-arrangeable graph G of order n, for example
a K1,n−1. There are other such graphs of order n which are star-like. Is it possible that graphs of this type are the only
exceptions?
A weaker version of this question is the following conjecture.
Conjecture 19. Let G be a graph of large order of bounded degree d. There exists a 0 < c < 1, c = c(d), such that if H is a graph,
|H| = r(G), δ(H) > c|H|, then H → G.
For a graph G let ρ(G) be the maximum average degree over all subgraphs of G. An old important unsolved conjecture
investigated by many researchers is the following one of Burr and Erdős [4].
Conjecture 20 ([4]). For each positive integer d, there exists a constant c = c(d) such that if ρ(G) ≤ d, then r(G) ≤ c|G|.
In light of this conjecture it is reasonable to ask the following question.
Question 21. Let G be a graph of large order n with r(G) ≤ dn for some constant d independent of n. If H is a graph with
|H| = r(G), when does there exist a constant c, 0 < c = c(d) < 1, such that if δ(H) > c|H| then H → G?
This leaves a most important question.
Question 22. For which graphs G does there exist 0 < c < 1 such that if H is a graph, |H| = r(G), and δ(H) > c|H|, then
H → G?
It is worth mentioning that all questions and conjectures presented which involve the diagonal Ramsey number,
e.g. r(Pn) = r(Pn, Pn), could have equally well been asked for the off diagonal case, e.g. r(Pn, Pm). In addition many of the
questions and conjectures could have been asked for more special graphs (trees) and in a less general way.
Neither of the edges missing in the arrowing graphs H which appear in this section or Section 2 is likely to suggest any
reasonable estimation of what is needed to approximate the restricted size Ramsey number. Also the number of missed
edges for the balanced multipartite graphs in Section 2 is usually larger than the counterparts in this section. Nevertheless,
the significant number of edges missed in both types makes proving any of the suggested values useful.
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